CHAPTER 1 - 9th Edition

1.1. If A represents a vector two units in length directed due west, B represents a vector three units in length
directed due north, and A + B = C — D and 2B — A = C + D, find the magnitudes and directions of
C and D. Take north as the positive y direction:

With north as positive y, west will be -x. We may therefore set up:
C+D=2B-A=6a,+2a, and
C-D=A+B=-2a,+3a,

Add the equations to find C = 4.5a, (north), and then D = 2a, + 1.5a, (east of northeast).

1.2. Vector A extends from the origin to (1,2,3) and vector B from the origin to (2,3,-2).
a) Find the unit vector in the direction of (A — B): First
A-B=(a,+2a,+3a,)—(2a,+3a,—2a,)=(-a,—a,+5a,)

whose magnitude is |A — B| = [(—ax —a,+5a) (-a,—a, + SaZ)] 1z _ V1+14+25 =
3\/5 = 5.20. The unit vector is therefore

a,p=(-a,—a,+5a,)/520

b) find the unit vector in the direction of the line extending from the origin to the midpoint of the
line joining the ends of A and B:

The midpoint is located at
P,=01+2-1)/2,2+B-2)/2, 3+(-2-3)/2)] =(1.5,25,0.5)

The unit vector is then

(1.5a, +2.5a, + 0.5a,)
= = (1.5a, +2.5a,+0.5a,)/2.96

V(152 + (252 + (057

a,,

1.3. The vector from the origin to the point A is given as (6, —2, —4), and the unit vector directed from the
origin toward point B is (2,—2,1)/3. If points A and B are ten units apart, find the coordinates of

point B.
With A = (6,-2,—4) and B = %B(Z, —2, 1), we use the fact that |[B — A| = 10, or

2 2 1
(6 — gB)ax -@2- gB)ay -4+ gB)az| =10
Expanding, obtain
36— 8B+3B+4— 1B+ B>+ 16+ B+ ;B> =100

or B2 — 8B — 44 = 0. Thus B = 3£v&=176 ”624_176 = 11.75 (taking positive option) and so

2 2 1
B = (1175, — £(11.75)a, + 2(11.75)a, = 7.83a, — 7.83a, + 3.92a,
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1.4. A circle, centered at the origin with a radius of 2 units, lies in the xy plane. Determine the unit vector
in rectangular components that lies in the xy plane, is tangent to the circle at (\/3 ,—1,0), and is in the

general direction of increasing values of x:
A unit vector tangent to this circle in the general increasing x direction is t = +a,. Its x and
y components are t, = a, -a, = —sin¢, and t, = a, - a, = cos¢. At the point (\/g, -1,
¢ =330°, and so t = —sin330°a, + cos 330°a, = 0.5(a, + \/gay).

1.5. Anequilateral triangle lies in the xy plane with its centroid at the origin. One vertex lies on the positive
y axis.

a) Find unit vectors that are directed from the origin to
the three vertices: Referring to the figure,the easy a
oneis a; = a. Then, a, will have negative x and y

components, and can be constructed as a, = G(—a, a5 a,
—tan30°a,) where G = (1 + tan30°)'/2 = 0.87.
So finally a, = —0.87(a, + 0.58a,). Then, aj is the

same as a,, but with the x component reversed:

309
a; = 0.87(a, — 0.58a,). - ~.
b) Find unit vectors that are directed from the origin e
to the three sides, intersecting these at right angles: a,

These will be a4, a5, and a4 in the figure, which are in turn just the part a results, oppositely
directed:

a, = —a = —a, a; = —a3 = —0.87(a, — 0.58a ), and ag = —a, = +0.87(a, + 0.58a,).

1.6. Find the acute angle between the two vectors A = 2a, + a,, + 3a, and B = a, — 3a, + 2a, by using
the definition of:

a) the dot product: First, A-B=2-3+6=5= ABcosf, where A = \/22+ 12+ 32 = /14,
and where B = \/12 + 32 + 22 = 4/14. Therefore cos § = 5/14, so that § = 69.1°.
b) the cross product: Begin with

a a a

X y z
AxB=|2 1 3|=lla,—a,—7a,
1 -3 2

and then |A X B| = V/112 + 12 + 72 = 1/171. So now, with |A X B| = ABsinf = /171,
find = sin™! <\/171/14) = 69.1°

1.7. Given the field F = xa, + ya,. If F- G = 2xy and F X G = (x* — y*)a_, find G:
LetG =g a, +ga,+g3a, ThenF-G =g x+gy=2xy, and

a, a, a,
FxG=|x y O =g3yax—g3xay+(g2x—g1y)az:(xz—yz)aZ
&1 8 &3

From the last equation, it is clear that g; = 0, and that g, = y and g, = x. This is confirmed in the
F - G equation. So finally G = ya, + xa,.
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1.8. Demonstrate the ambiguity that results when the cross product is used to find the angle between two
vectors by finding the angle between A = 3a, —2a, +4a_ and B = 2a, +a, —2a,. Does this ambiguity
exist when the dot product is used?

We use the relation A X B = |A||B| sin fn. With the given vectors we find

2a,+a,

Vs
——

+n

AxB=14ay+7aZ=7\/§[ ]z\/9+4+16\/4+1+4sin0n

where n is identified as shown; we see that n can be positive or negative, as sin @ can be pos-
itive or negative. This apparent sign ambiguity is not the real problem, however, as we re-
ally want the magnitude of the angle anyway. Choosing the positive sign, we are left with

sin@ = 7v/5/(7/29/9) = 0.969. Two values of @ (75.7° and 104.3°) satisfy this equation,
and hence the real ambiguity.

In using the dot product, we find A-B = 6 -2 -8 = —4 = |A||B|cosf = 3\/@0050, or
cos = —-4/(3 \/E) = —-0.248 = 0 = —75.7°. Again, the minus sign is not important, as we
care only about the angle magnitude. The main point is that only one 8 value results when using
the dot product, so no ambiguity.

1.9. A field is given as

25
G=—="(xa, +ya
(x2+y2)(x <)
Find:

a) a unit vector in the direction of G at P(3,4,—2): Have GIJ =25/9+16)x(3,4,0) =3a, + 4ay,
and |G,| = 5. Thus a; = (0.6,0.8,0).

b) the angle between G and a, at P: The angle is found through a; - a, = cosf. So cosf =
(0.6,0.8,0) - (1,0,0) = 0.6. Thus § = 53°.

¢) the value of the following double integral on the plane y = 7:

4 2
/ / G- aydzdx
o Jo

4 2 4 ) .
/ / 25 ~(xa, +ya,)-a,dzdx = / / 25 Tdzdx = / 350
0 Jo X2+ o Jo x2+49 y x2+49

0
— 350 % 4 [tan-l (i) —0] =26
7 7 2

1.10. By expressing diagonals as vectors and using the definition of the dot product, find the smaller angle
between any two diagonals of a cube, where each diagonal connects diametrically opposite corners,
and passes through the center of the cube:

Assuming a side length, b, two diagonal vectors would be A = b(a, +a, +a,) and B =

b(a, —a, +a;). Now use A - B = |A||B|cos®, or (1 — 1 + 1) = (v/3b)(\/3b)cos§ =
cosf =1/3 = 6 =70.53°. This result (in magnitude) is the same for any two diagonal vectors.
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1.11. Given the points M (0.1,-0.2,-0.1), N(-0.2,0.1,0.3), and P(0.4,0,0.1), find:

a) the vector Ry, v: Ry y = (=0.2,0.1,0.3) = (0.1,—0.2, —0.1) = (—0.3,0.3,0.4).

b) the dot product R,y - Ry p: Ryp = (0.4,0,0.1) — (0.1,—0.2,=0.1) = (0.3,0.2,0.2). R,y -
R, p = (=0.3,0.3,0.4) - (0.3,0.2,0.2) = —0.09 + 0.06 + 0.08 = 0.05.

c) the scalar projection of R,y on R, p:

(0.3,0.2,0.2) _0.05

1/0.09 +0.04 +0.04  1/0.17

=0.12

d) the angle between R, and R, p:
Ryn-R
6, = cos™! (—MN MP ) = cos! [ =205 =78
IRy 1Ry 5l V034017

1.12. Write an expression in rectangular components for the vector that extends from (x;, ¥;, z;) to (x5, 5, 25)
and determine the magnitude of this vector.

The two points can be written as vectors from the origin:

A =xja,+ya,+zja, and A, =xya, +ya,+za,
The desired vector will now be the difference:

Ap=A A =(x—x)a, + (- y)a, +(z, — z))a,

whose magnitude is

1/2

[Apl = VAR -Ap = [(x2 —x)’+ =y + (2 - z1)2]

1.13. a) Find the vector component of F = (10, —6, 5) that is parallel to G = (0.1, 0.2,0.3):

F-G,. (10,-6,5)-(0.1,0.2,0.3)
G2~ 0.01+0.04+0.09

Fg = (0.1,0.2,0.3) = (0.93, 1.86,2.79)

b) Find the vector component of F that is perpendicular to G:

F,; =F—F g =(10,-6,5) - (0.93,1.86,2.79) = (9.07, —7.86,2.21)

¢) Find the vector component of G that is perpendicular to F:

G—'ZFF = (0.1,0.2.03)— —2_(10,-6.5) = (0.02,0.25,0.26)

G,r=G-G;=G-
PE W |F| 100 + 36 + 25
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1.14. Given that A + B+ C = 0, where the three vectors represent line segments and extend from a common
origin,

a) must the three vectors be coplanar?
In terms of the components, the vector sum will be
A+B+C=(A,+B,+C)a, +(A,+B,+Cya,+(A,+ B, +C,)a,

which we require to be zero. Suppose the coordinate system is configured so that vectors A and
B lie in the x-y plane; in this case A, = B, = 0. Then C, has to be zero in order for the three
vectors to sum to zero. Therefore, the three vectors must be coplanar.

b) If A+ B+ C+ D = 0, are the four vectors coplanar?
The vector sum is now
A+B+C+D=(A,+B,+C,+Dya, +(A,+B,+C,+Dya,+(A,+ B, +C,+ D,)a,

Now, for example, if A and B lie in the x-y plane, C and D need not, as long as C, + D, = 0. So
the four vectors need not be coplanar to have a zero sum.

1.15. Three vectors extending from the origin are given as r; = (7,3,-2), r, = (-2,7,-3), and
r; = (0,2, 3). Find:

a) a unit vector perpendicular to both r; and r,:

ryxXr,  (5,25,55)
a0 = =
|r| X 15| 60.6

= (0.08,0.41,0.91)

b) a unit vector perpendicular to the vectorsr; —r, andr, —ry:ry —r, = (9,—4,1)andr, —r; =
(=2,5,-6). Sor; —r, Xr, —r3 = (19,52,37). Then

a = (19,52,37) _ (19,52,37)
P71(19,52,37)| T 66.6

=(0.29,0.78,0.56)

c) the area of the triangle defined by r; and r,:

Mm=§qu=mm
d) the area of the triangle defined by the heads of ry, r,, and r5:

Area = %|(r2 — 1’1) X (1‘2 —r3)| = %'(_9,47_1)X(_275a _6)| =333

5
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1.16. In geometrical optics, the path of a light ray is treated as a vector having the usual three components in
a rectangular coordinate system. When light reflects from a plane surface, the effect is to reverse the
vector component of the ray that is normal to the surface. This yields a reflection angle that is equal
to the incidence angle. Explain what happens when light ray reflects from a corner cube reflector,
consisting of three mutually orthogonal surfaces that occupy, for example, the xy, xz, and yz planes.
The ray is incident in an arbitrary direction within the first octant of the coordinate system, and has
negative x, y, and z directions of travel: We can model the incident ray as the vector, R; = a(-a,) +
b(—-a,) + c(—a,), where a, b, and ¢ are arbitrary positive values. With the three orthogonal planes
positioned as given, their effect is to reverse all three components of the incident vector, giving R, =
a(a,) + b(a,) + c(a,) = —R;. So the light propagates in precisely the reverse direction after reflection,
no matter what direction it arrived from.

1.17. Point A(—4,2,5) and the two vectors, R 45, = (20, 18, —10) and R, 5y = (—10, 8, 15), define a triangle.

a)

b)

c)

Find a unit vector perpendicular to the triangle: Use

o = Ram xRay _ (350,-200.340)
P Ry XRyyl 52735

= (0.664, —0.379, 0.645)

The vector in the opposite direction to this one is also a valid answer.

Find a unit vector in the plane of the triangle and perpendicular to R 4 5 :

-1 1
a N = 10815 = (—0.507,0.406,0.761)

V389
Then

a,,y =a,xa,y =(0.664,-0.379,0.645) x (-0.507,0.406, 0.761) = (-0.550, —0.832, 0.077)

The vector in the opposite direction to this one is also a valid answer.
Find a unit vector in the plane of the triangle that bisects the interior angle at A: A non-unit
vector in the required direction is (1/2)(a 4, + a4y ), Where

_(20,18,-10)

= 207 (0.697,0.627, —0.348
UM = 130,18, 210y ¢ )

Now
%(aAM +a,y) = %[(0.697, 0.627,—-0.348) + (—0.507,0.406,0.761)] = (0.095,0.516,0.207)

Finally,
_(0.095,0.516,0.207)

Apis = [(0.095,0.516,0.207)|

= (0.168,0.915,0.367)
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1.18. Given two vector fields, E = (A/r)sinfay and H = (B/r)sin6 a,, where A and B are constants,
a) evaluate S = E X H and express the result in rectangular coordinates: Begin with

S=E><H=A—Bsin203,
r2

Now, find the three rectangular components by using:

_ _AB ., _ x(x? + y?)
=S-a = 751n fa.-a, =A RS
where we have used a, - a, = sin @ cos ¢ with r = (x + y* + z%)!/2,
sin@ = (x2 +y?)1/2/(x* + y> + z2)1/? and cos ¢ = x /(x> + y})!/2.

Then

— _AB . = Yo +5°)
Sy—S-ay—r—zsm Har'ay_AB(x2+y2+zz)5/2

where we have used a, - a;, = sin 0 sin ¢ with sin¢ = y/(x% 4+ y»)1/2,

Finally

B _AB . _ z(x> + )
Sz_S'aZ_r_zsm Qar'az_AB(x2+y2+Zz)5/2

where a, - a, = cos 0 = z/(x* + y* + z)!/2,
b) Determine S along the x, y, and z axes: Using the part a results, we would have

5x.0.0= 224, $0.0=22a, 50.02=0
x y

1.19. Consider the important inverse-square dependent radial field in spherical coordinates: F = A/r’a,
where A is a constant.

a) Transform the given field into cylindrical coordinates: Using r> = p? + z2, the given field may
be written:

F:m[fpap+f¢a¢+fzaz]
Now p p
fpzar'ap=sln9=;=m

f¢=ar'a¢=0

Z Z

fzzar'az=C050:7:m

Substituting all, we find
F_

= m [pap + Zaz]

b) Transform the given field into rectangular coordinates: The quickest way is to use the results of
part a by using p = /x> +y*> and a, = cos¢pa, +sin¢a,, where cos¢p = x/y/x* + y? and
sin¢ = y/1/x% + y2. Incorporating the above leads to:

_ A
(x2 + yZ + 22)3/2

[xa, + ya, + za_|

7
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1.20. Ifthe three sides of a triangle are represented by the vectors A, B, and C, all directed counter-clockwise,
show that |C|> = (A + B) - (A + B) and expand the product to obtain the law of cosines.

With the vectors drawn as described above, we find that C = —(A+B) andso |C|>? =C?=C.-C =
(A +B) - (A + B) So far so good. Now if we expand the product, obtain

(A+B)-(A+B)=A>+B*>+2A-B

where A - B = ABcos(180° — a) = —AB cos @ where « is the interior angle at the junction of A and
B. Using this, we have C? = A2 + B? —2ABcos a, which is the law of cosines.

1.21. Express in cylindrical components:

a)

b)

the vector from C(3,2, —7) to D(—1, —4,2):

C@3,2,-7) - C(p=3.61,¢p =33.7°,z = -7T) and

D(-1,-4,2) - D(p =4.12,¢p = —104.0°, z = 2).

Now Rep = (-4,-6,9) and R, = R¢p - a, = —4c0s(33.7) — 6sin(33.7) = —6.66. Then
Ry =Rep-ay =4sin(33.7) — 6¢c0s(33.7) = =2.77. So R¢p = —6.66a, —2.77a, + 9a,

a unit vector at D directed toward C:

Rep = (4,6,-9) and R, = R - a, = 4c0s(—104.0) + 6sin(—104.0) = —6.79. Then Ry =
Rpc - a, = 4[—sin(—104.0)] + 6 cos(—104.0) = 2.43. So Rp = —6.79a, + 2.43a, — 9a,
Thus ape = —0.59a, + 0.21a, — 0.78a,

aunit vector at D directed toward the origin: Start withrp, = (-1, —4, 2), and so the vector toward
the origin will be —rj, = (1,4, —2). Thus in cartesian the unit vector is a = (0.22,0.87, —0.44).
Convert to cylindrical:

a,=1(0.22,0.87,-0.44) - a, = 0.22 cos(—104.0) + 0.87 sin(—104.0) = —0.90, and

ag = (0.22,0.87,-0.44) - a, = 0.22[-sin(—104.0)] + 0.87 cos(—104.0) = 0, so that finally,
a=-090a, - 0.44a,.

1.22. A sphere of radius a, centered at the origin, rotates about the z axis at angular velocity Q rad/s. The
rotation direction is clockwise when one is looking in the positive z direction.

a)

b)

Using spherical components, write an expression for the velocity field, v, which gives the tan-
gential velocity at any point on the sphere surface:

The tangential velocity is the product of the angular velocity and the perpendicular distance from
the rotation axis. With clockwise rotation, and with sphere radius a, we obtain

v(0) = Qasinfaym/s

Derive an expression for the difference in velocities between two points on the surface having
different latitudes, where the latitude difference is A8 in radians. Assume A@ is small:

Method 1: The velocity difference between the two points can be approximated as
Av=ap%l
de e,
where 6 is the mean angle between the two points, and where Af is small enough so that v(6)

can be approximated as a linear function. Using this along with the part a result, we find:

Av = aQAf cos §,m/s

8
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1.22 b) (continued) Method 2 (harder): Write
Av = aQ)(sinf, — sin0,)

where 6, and 6, lie on either side of ,, and where 6, — 8, = Af. Using a trig identity, the above
expression becomes

Av = 2aQ cos (%(92 + 91)) sin (%(02 - 01)) = aQAB cos g m/s

(- 7\

' '

cos b ZA0/2

¢) Find the difference in velocities at locations +1.0° on either side of 45° north latitude on Earth.
Take the Earth’s radius as 6370 km at 45°:

We have a = 6370 km, 8, = 45° (same in spherical and geographic coordinates), Af = 2.0° =
0.035 rad, and Q = 27 /24 hr = 7.3 X 107> rad/s. Using part b, the velocity difference becomes

Av = (6.37 x 10°m)(7.3 x 1075 rad/s)(0.035 rad)(V2/2) = 11.5m/s

with speed increasing southward.

1.23. The surfaces p =3, p =5, ¢ = 100°, ¢ = 130°, z = 3, and z = 4.5 define a closed surface.

45 (130° p5
Volz/ / / pdpdpdz =6.28
3 1000 J3

NOTE: The limits on the ¢ integration must be converted to radians (as was done here, but not shown).

a) Find the enclosed volume:

b) Find the total area of the enclosing surface:

130° /5 45 ,130°
Area=2/ / pdpdep + / / 3depdz
1000 J3 3 100°
45  £130° 45 (5
+ / / 5d¢dz+2/ / dpdz =20.7
3 100° 3 3

¢) Find the total length of the twelve edges of the surfaces:

o o

30
Length=4Xx 15 + 4X2 + 2 [ 27 %3
eng XL5 4+ 4X2 + 2X |22 X 20 X3 + 2o

><27r><5] =204

d) Find the length of the longest straight line that lies entirely within the volume: This will be
between the points A(p = 3, ¢ = 100°, z = 3) and B(p = 5, ¢ = 130°, z = 4.5). Performing
point transformations to cartesian coordinates, these become A(x = —0.52, y = 2.95, z = 3)
and B(x = —3.21, y = 3.83, z = 4.5). Taking A and B as vectors directed from the origin, the
requested length is

Length = |B — A| = [(-2.69,0.88,1.5)| = 3.21

9
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1.24. Two unit vectors, a; and a, lie in the xy plane and pass through the origin. They make angles ¢, and
¢, with the x axis respectively.

a) Express each vector in rectangular components; Havea; = A, a,+A, a , sothatA,; = a;-a, =
cos¢;. Then, A, = a, -a, = cos(90 — ¢;) = sin ¢,. Therefore,

a; =cos¢;a, +sing;a, andsimilarly, a, =cos¢,a, +sing,a,

b) take the dot product and verify the trigonometric identity, cos(¢; — ¢,) = cos ¢, cos¢p, +
sin ¢, sin ¢,: From the definition of the dot product,

a; -a; = (1)(1)cos(¢p; — ¢,)

= (cos¢a, +sing;a,) - (cosp,a, +singp,a,) = cosp; cosp, +sin¢; sing,

c) take the cross product and verify the trigonometric identity sin(¢p, — ¢;) = sin¢, cos¢d; —
cos ¢, sin ¢;: From the definition of the cross product, and since a; and a, both lie in the x-
y plane,
a, a, a,
a; Xxa, = (1)(1)sin(¢p; —¢,)a, = [cos¢; sing; O

cos¢g, sing, O
= [Sin ¢, cos ¢p; — cos ¢, sin q’)l] a,

thus verified.

1.25. Convert the vector field H = A(x% + y*)~![x a, — ya,] into cylindrical coordinates. A is a constant:
The z component is obviously zero, so we are left only with the p and ¢ components to find. First,

A
HP_H'aﬂ_m[an'ap_an'aﬂ]

where a, -a, =sing = y/v/x*+y*anda, -a, = cos ¢ = x/+/x? + y2. Thus

A
EERI) [xy—yx]=0

T2+
Then A
H¢=H-a¢=—x2+y2 [xay-a¢—yax-a¢]
where a, -a, = cos¢ = x/v/x>+y*anda, -ay = —sin¢ = —y/+/x? + y2. Thus
_ 2, 2] _ A _A
P (x4 ) b = 2+ p
Finally
H=—a
5 3
10
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1.26. Express the uniform vector field, F = 10a, in

a) cylindrical components:
F,=10a,-a,=10sin¢, F; =10a,-a, = 10cos ¢, and F, = 0.
Combining, we obtain F(p, ¢) = 10(singa, + cos pa,).

b) spherical components:
F, =10a,-a, = 10sinf@sin¢; Fy = 10a, - a, = 10cos 0 sin ¢; Fy = 10a,, - ay = 10 cos ¢.
Combining, we obtain F(r, 8, ¢) = 10 [sin Osinga, + cosdsingpa,y + cos ¢ a¢] .

1.27. The dipole field is given in spherical coordinates as:
A .
E= r_3(2COS fa,+sin6 ay)
where A is a constant and where r > 0.

a) Identify the surface on which the field is entirely perpendicular to the xy plane, and express the
field on that surface in cylindrical coordinates: As there is no a, component, the cylindrical
coordinate field components will be a, and a, only. We look for the surface on which the a,
component is zero. So we set up:

E,=E-a, = %(2c059 a.-a, +sinf ay-a,)=0
—— ——

sin 0 cos 6

From which the condition for zero E p is identified:
3cosfsin0=0 = 0=0,90°

The 6 = 0 option is only a line (the z axis — and the answer to part b), so the surface on which the
field is perpendicular to the xy plane is the xy plane itself, on which & = 90°. On that surface:

A A
E@© =90) = r—339 = —Eaz
b) Identify the coordinate axis on which the field is entirely perpendicular to the xy plane and express
the field there in cylindrical coordinates: This will be the 8 = 0 solution in part a, which is the z

axis. The field on that axis is

E(&:O):%az
Z

¢) Specify the surface on which the field is entirely parallel to the xy plane: In this case, we require
a zero z component, SO we construct:

E,=E-a, = %(ZCOSG a,-a, +sinf a,-a,)=0
N~—— N~——

cosf —sing
This tells us that for a zero z component, we must have
2cos?f —sin®0 =0 = 3cos’0—1=0 = 0 =5474°
The surface is a cone of angle 54.74° to the z axis, and extending over all values of r within the

limits of validity of the given field.
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1.28. State whether or not A = B and, if not, what conditions are imposed on A and B when

a) A-a, = B-a,: For this to be true, both A and B must be oriented at the same angle, 6, from
the x axis. But this would allow either vector to lie anywhere along a conical surface of angle 6
about the x axis. Therefore, A can be equal to B, but not necessarily.

b) A xa, =B Xxa,: This is a more restrictive condition because the cross product gives a vector.
For both cross products to lie in the same direction, A, B, and a, must be coplanar. But if A lies
at angle 6 to the x axis, B could lie at 8 or at 180° — 0 to give the same cross product. So again,
A can be equal to B, but not necessarily.

c) A-a,=B-a and A xa, =B xa,: In this case, we need to satisfy both requirements in parts
a and b — that is, A, B, and a, must be coplanar, and A and B must lie at the same angle, 0, to
a,. With coplanar vectors, this latter condition might imply that both +6 and —6 would therefore
work. But the negative angle reverses the direction of the cross product direction. Therefore both
vectors must lie in the same plane and lie at the same angle to x; i.e., A must be equal to B.

d) A-C=B-Cand AxXC = BxC where C is any vector except C = 0: This is just the general case
of part c. Since we can orient our coordinate system in any manner we choose, we can arrange it
so that the x axis coincides with the direction of vector C. Thus all the arguments of part ¢ apply,
and again we conclude that A must be equal to B.

1.29. A vector field is expressed as F = 10za,. Evaluate the components of this field that are a) normal, and
b) tangent to a spherical surface of radius a:

a) The normal component is the radial component, found by projecting F into the a, direction. In
general,
F.=F-a, =10za,-a, =10zcosf

where, on the sphere surface, z = acos 6. Therefore F, (on surface) = 10a cos2 6.

b) The tangential component is found by projecting F into the a, or aj directions. Note that
a, -ay = 0, so we are left with the tangential component lying in only the direction of a,:

Fy=10za, - a,|,—, = —10acos 8 sin
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1.30. Consider a problem analogous to the varying wind velocities encountered by transcontinental aircraft.
We assume a constant altitude, a plane earth, a flight along the x axis from 0 to 10 units, no vertical
velocity component, and no change in wind velocity with time. Assume a, to be directed to the east
and a, to the north. The wind velocity at the operating altitude is assumed to be:

(0.01x% — 0.08x + 0.66)a, — (0.05x — 0.4)ay
1 +0.5)2

v(x,y) =

a) Determine the location and magnitude of the maximum tailwind encountered: Tailwind would
be x-directed, and so we look at the x component only. Over the flight range, this function
maximizes at a value of 0.86/(1 + 0.5y%) at x = 10 (at the end of the trip). It reaches a local
minimum of 0.50/(1 + 0.5y%) at x = 4, and has another local maximum of 0.66/(1 + 0.5)%) at
the trip start, x = 0.

b) Repeat for headwind: The x component is always positive, and so therefore no headwind exists
over the travel range.

¢) Repeat for crosswind: Crosswind will be found from the y component, which is seen to maximize
over the flight range at a value of 0.4/(1 + 0.5 y?) at the trip start (x = 0).

d) Would more favorable tailwinds be available at some other latitude? If so, where? Minimizing
the denominator accomplishes this; in particular, the lattitude associated with y = 0 gives the
strongest tailwind.
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